The electromagnetic response of topological insulators is governed by axion electrodynamics, which features a topological magnetoelectric term in the Maxwell equations. As a consequence magnetic fields become the source of electric fields and vice-versa, a phenomenon that is general for any material exhibiting a linear magnetoelectric effect. Axion electrodynamics has been associated with the possibility to create magnetic monopoles, in particular by a electrical charge that is screened above the surface of a magnetoelectric material. Here we present the exact solution for the electromagnetic fields in this geometry and show that while vortex-like magnetic screening fields are generated by the electrical charge their divergence is identically zero at every point in space which implies a strict absence of magnetic monopoles. This is consistent with a general argument that precludes magnetic monopoles to be generated in Maxwell magnetoelectrics.
A remarkable feature of three-dimensional topological insulators (TIs) is their so-called magnetoelectric (ME) effect, a collection of phenomena where magnetic fields become the source of electric fields and vice-versa [1] . This topological electromagnetic response is governed by so-called axion electrodynamics, which features a magnetoelectric term L a = αθ/(4π 2 )E · B in the Lagrangian density L a , with electric and magnetic fields E and B respectively, θ a 2π-periodic parameter and α the fine-structure constant. In a topological insulator θ is a parameter that follows from the band structure topology, being given by a Berry non-Abelian flux in the Brillouin zone [1, 2] . By symmetry the magnetoelectric coupling term is actually present in any material that exhibits a linear magnetoelectric effect -induction of magnetization by an electric field or of electric polarization by a magnetic field. However, in ordinary magnetoelectric materials such as Cr 2 O 3 , BiFeO 3 , and GdAlO 3 the magnetoelectric coupling constants are quite small [3] . The topological ME effect has been recently measured using Faraday and Kerr rotation [4, 5] , which were shown to be quantized according to the prediction of axion electrodynamics of TIs.
A number of further interesting consequences of the axion term have been predicted, for instance that a cylindrical TI becomes electrically polarized under an applied magnetic field parallel to the cylinder symmetry axis [6] . An interesting possible experimental setup exploring this effect is a flux tube piercing the interior of a TI, perpendicular to its surfaces [7] . If the surfaces are coated with thin film ferromagnets with opposite magnetizations, the surface states become gapped and a topological electromagnetic response ensuing the axion term in the Lagrangian occurs. In this scenario the cylinder becomes an Aharonov-Bohm flux tube and an electrical polarization is induced leading to fractional charges ±e/2 on the top and bottom surfaces, respectively [7] . In the case of a magnetic vortex that enters from a superconductor (SC) into a time-reversal invariant TI, it was shown that the vortex induces a charge of e/4 [8, 9] at the SC-TI interface. In this situation also the vortex angular momentum, which determines the vortex statistics, is fractional [9] . The emergence of fractional charges is reminiscent of the Witten effect [10] , which predicts that the axion term causes electric charge fractionalization in the presence of magnetic monopoles. When real magnetic monopoles were to be present in an axion magnetoelectric, fractional electric charges would occur not only at surfaces but also in the bulk of a magnetoelectric, since in this case the Maxwell equations are modified despite the axion Lagrangian L a being a total derivative [11] .
In this context it is highly interesting that the presence of a magnetoelectric term in the Maxwell Lagrangian has been associated with the possibility to create magnetic monopoles. In particular the situation has been considered in which a magnetic monopole emerges from the screening of an electrical charge that is situated outside a magnetoelectric material, at a certain distance d from its the surface [12, 13] . This would be quite remarkable as it would imply that the condition that the magnetic field be divergence-free is lifted by the axion term in one way or another. Here we consider precisely this very well defined geometry and determine the unique solution for the electric and magnetic fields by direct evaluation, without resorting to an image charge construction. The resulting divergence of the magnetic field is found to be identically zero at every point in space -magnetic monopoles are thus absent. Instead, the electrical charge generates a magnetic vortex structure near the magnetoelectric surface which in turn generates magnetic screening fields in all of space. In the limit that the electrical charge is placed at the TI surface (d → 0) it almost behaves like a magnetic monopole, but actually corresponds to a point vortex, or Pearl vortex [14] , still satisfying the local constraint ∇ · B = 0.
Axion Maxwell equations for a semi-infinite magnetoelectric -Given the textbook nature of the problem on one the hand and the importance of its exact solution on the other, we present the steps to obtain a direct solution for the electric and magnetic fields in a semi-infinite three-dimensional Maxwellian magnetoelectric in some detail. The effective Lagrangian density is given by [1] ,
where L a is given above and Gaussian units are being used. Similarly to Ref. [12] , we assume that the (toplogical) magnetoelectric medium occupies the region z ≤ 0, with the surface at z = 0 separating it from a trivial insulator, which we assume to be the vacuum, see Fig. 1 . Thus, we have a dielectric constant = 1 and θ = 0 for z > 0. We further assume for simplicity that the magnetic properties are such that µ = 1 for all z. The easiest way to obtain the field equations is to write the standard Maxwell equations in the presence of matter and recall that,
We obtain in this way the general field equations in the form,
while the source-free Maxwell equations remain unchanged,
We can easily see that for an infinite system and θ uniform the Maxwell equations remain unchanged. However, for the semi-infinite system we want to study, θ changes precisely at the interface between the TI and the vacuum. Therefore, even in a static field configuration the electric and magnetic fields are coupled, since there will be boundary conditions at the interface connecting them.
After setting E = −∇φ and B = ∇ × A, we obtain the differential equations for the scalar and vector potentials,
where we have assumed the Coulomb gauge ∇ · A = 0. Since ∇θ = −θδ(z) for the system under consideration, we have to actually solve the equations,
subjected to boundary conditions reflecting the discontinuities in the normal derivatives of the potentials at z = 0, implied also by the change of θ at the interface. Translational invariance in the xy-plane implies,
whereÂ(p, z) is the Fourier transform of the vector potential in the plane. The above equation is to be solved with the boundary conditions,Â
where η → 0+. One finds after a straightforward calculation that
which yields
At this point it is important to observe that the magnetic field is divergence-free everywhere in space as the above expression obviously satisfies ∇ · B = 0 everywhere, irrespective of the form of the electric field.
Solution for an electric point charge above a magnetoelectric -We now consider for the charge density a point charge e at z = d > 0 as indicated in Fig.1 . This problem has been solved before using image electric and magnetic monopoles [12, 13] . However, although the solution obtained earlier yields a vanishing magnetic flux, it violates the condition ∇ · B = 0. Instead of proceeding by constructing the solution of the equations for a electric point charge above the surface of the magnetoelectric with the image method, we will directly solve the Poisson equation above directly for this case. Since the Poisson equation is translation invariant in the xyplane, one can perform a two-dimensional Fourier transform to obtain the differential equations for the Fourier-transformed potential,φ(p, z),
This problem has four boundary conditions that are used to match the solutions in three regions (see Appendix) and we obtain,
φ(r, z < 0) = 2e
Note that for θ = 0 the above equations reduce to the expected result of standard electrostatics. From the potential explicit expressions for the electric fields are obtained, see Appendix. The smallness of (αθ/2π) 2 for θ = π (recall that α ≈ 1/137) implies that there is essentially no appreciable quantitative change with respect to the usual result for this problem. The important result is actually the induced magnetic field (Eq.14).
Limit of point charge on the surface -We first determine the magnetic fields generated by a point charge on the TI surface, for which one can simply use the above equations with d = 0. The limit d → 0 implies a singular behavior in the integrals (13) and (14), which is ultimately the reason why the axion-induced magnetic field of a point charge on the TI surface will yield the field of a point vortex. The calculation can be performed in a regular way using the method of Feynman parameters outlined in the Appendix. For d → 0 we obtain from Eq. (13) that
where
2 . We see that if |z| were replaced by z in Eq. (19), it would precisely yield the vector potential of a straight vortex line (or Dirac string) over the negative z-axis ending at a magnetic monopole at z = 0. This fact is crucial and it is what makes Eq. (19) corresponds to the magnetic field of a Pearl vortex
where r = (x, y), n ∈ Z, and for a superconductor Φ = nΦ 0 = hc/(2e), where Φ 0 = hc/(2e) is the elementary flux quantum. In the present case the flux corresponds to Φ = 2α 2 (θ/π)Φ 0 /κ θ . By removing the sgn(z) factor in Eq. (20) we obtain precisely the magnetic field of a Dirac magnetic monopole: in other words the magnetic field (20) behaves as a monopole for z > 0 and as an anti-monopole for z < 0, yielding in this way ∇ · B = 0, see Fig.2 . Explicitely, since dsgn(z)/dz = 2δ(z),
Point charge at distance from the surface -The calculation for d 0 yields the vector potential
It can be verified by a careful analysis that the limit d → 0 of Eq. (22) indeed yields Eq. (19). Interestingly the limit z → 0 of Eq. (22) yields
Thus, if we consider A(r, z) as a function of the parameter d, we can write in view of Eq. (19),
Since d > 0, Eq. (23) corresponds to the vector potential of a (point) vortex for a three-dimensional space defined as a set of points (x, y, 0, d). The magnetic field components can be calculated explicitly for d 0 and are given by and
The method to obtain the above result from the calculation of the vector potential is explained in the Appendix. The stream density plot associated to the magnetic field components above is shown in Fig. 3 for the reduced coordinates z/d and r/d. We note the presence of an extended solitonic object near z = 0, indicating that the point vortex becomes for d 0 a kind of pancake vortex. From Eqs. (25) and (26) we have,
a result that is obviously consistent with (23). Thus, the field induced at z = 0 by a point charge located at z = d is identical to the field of a magnetic monopole of charge g = eαθ/(πκ θ ) evaluated at z = d. This interesting equivalence obviously does not affect the divergence-free nature of the magnetic field.
General argument for absence of magnetic monopolesThe constraint ∇ · B = 0 being fulfilled in the general axion magnetoelectric screening problem can also be understood on the basis of more general considerations. It is well known that due to the ∇ · B = 0 constraint, a string singularity has to be attached to the monopole. Monopoles without strings are only possible if topologically nontrivial gauge transformations are allowed [17] , in which case two nonsingular vector potentials can be used,
defined in the regions of a sphere around a point monopole g excluding the south and north poles, respectively. These gauge potentials differ by a singular gauge transformation, since A + −A − = 2g∇ϕ, ϕ ∈ [0, 2π]. Indeed, ∇×∇ϕ = 2πδ 2 (r). As a consequence, ∇ · B = 4πgδ 2 (r)δ(z). The corresponding topologically nontrivial gauge transformation is therefore G = exp[2iegϕ/( c)], which leads to the Dirac condition, eg/( c) = n/2, n ∈ Z. Such a scenario is not realizable within the axion electrodynamics discussed here, where gauge transformations are topologically trivial. Image magnetic monopoles would yield ∇ · B = 4πgδ 2 (r)[δ(z − d) − δ(z + d)], which would require non-vanishing currents at large distances, contradicting one of the basic tenets of electromagnetism.
Conclusion -We have obtained the induced magnetic field due to a charged particle above the surface of a topological insulator or any magnetoelectric material in general. The exact magnetic field was obtained directly without using image magnetic charges, thus fulfilling the local constraint ∇ · B = 0 everywhere. The field thus obtained differs considerably from the one derived by introducing image magnetic charges. It resembles more the field of a pancake vortex at the TI surface. In the limit case where the charge lies exactly at the surface, the field of a point vortex, a.k.a. Pearl vortex [14] is obtained. Such a point vortex resembles a monopole, but it is quite different from it, as it does not violate the constraint ∇ · B = 0 in any way.
